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ON THE GEOMETRY OF THE NEWTON STRATIFICATION
EVA VIEHMANN
Abstract. We give an overview over recent results on the global structure and geometry
of the Newton stratification of the reduction modulo p of Shimura varieties of Hodge type
with hyperspecial level structure. More precisely, we discuss non-emptiness, dimensions,
and closure relations of Newton strata. We also explain the group-theoretic description and
methods leading to their proofs.
1. Introduction
One of the key invariants of an abelian variety in characteristic p is the Newton polygon
describing the isogeny class of its p-divisible group. It is a central tool in the study of the
reduction modulo p of Shimura varieties of PEL type in almost all of the main breakthroughs
in this area (as for example the computation of the Hasse-Weil ζ-function by Kottwitz in [Kot2],
or the proof of the local Langlands correspondence for GLn by Harris and Taylor [HT]).
However, even very basic questions on the geometry of the induced stratification of the fiber
at p of a given Shimura variety of PEL type remained open. For example, except for special
cases, one did not even know the set of strata. For several years there is now a trend towards
applying more group-theoretic methods (building on the classical works of Kottwitz [Kot1]) to
address these questions. In this overview we report on recent developments in this direction.
We describe the set of strata, discuss their dimensions and the closure relations. The group-
theoretic methods underlying the proofs do not make a difference between groups associated
with Shimura varieties of PEL type or not. Therefore, the natural context to apply them is
the most general one where we still have a good theory of integral models of the Shimura
varieties and a translation between points in the special fiber and suitable elements of the
corresponding group. Thus, instead of Shimura varieties of PEL type we also discuss the recent
generalizations to Hodge type Shimura varieties. Besides, we briefly report on the parallel
theory for the function field case, i.e. for moduli spaces of global and local G-shtukas, or for
loop groups.
2. Points in the reduction of Shimura varieties of Hodge type
2.1. The Siegel case. Let Ag be the moduli space of principally polarized abelian varieties of
dimension g over Spec (Fp) for some fixed characteristic p > 0. It is the fiber at p of a Shimura
variety for the group GSp2g. Let k be an algebraically closed field of characteristic p. Then
the points of Ag(k) correspond to pairs (A, λ) where A is an abelian variety over k and λ a
principal polarization of A. An important invariant of an abelian variety in characteristic p
is its p-divisible group A[p∞]. It is equipped with a quasi-polarization λ induced by λ on A.
By Dieudonne´ theory this datum corresponds bijectively to the Dieudonne´ module (M,F, 〈·, ·〉)
whereM is a freeW (k)-module of rank 2g, where 〈·, ·〉 is a symplectic pairing induced by λ and
where F is a Frobenius-linear map M → M with pM ⊂ F (M), and satisfying a compatibility
condition with λ. TrivializingM in such a way that 〈·, ·〉 is identified with the standard pairing
we can write F = bσ for some b ∈ GSp2g(W (k)[1/p]) and where σ is the Frobenius ofW (k)[1/p]
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over Qp. The element b is well-defined up to base change, i.e. up to replacing it by g
−1bσ(g)
for some g ∈ GSp2g(W (k)).
A similar, but more tedious description is available for all Shimura varieties of PEL type
with good reduction at p, compare [VW], 1 and 7.
2.2. Shimura varieties of Hodge type. Let now D = (G,X) be a Shimura datum of Hodge
type, and let p be a prime. Let K = KpKp ⊂ G(A
p
f )G(Qp) be a compact open subgroup.
We always assume that we are in the case of good reduction, i.e. that Kp is hyperspecial. In
other words we assume that G extends to a reductive group over Zp and that Kp = GZp(Zp).
This implies in particular that G is unramified at p, i.e. quasi-split and split over an unramified
extension of Qp.
Then the corresponding Shimura variety ShK(G,X) is a moduli space of abelian varieties
with certain Hodge cycles associated with the Shimura datum. By [Ki1] it has an integral model
at the prime p which is obtained by taking an embedding into a suitable Siegel moduli space,
and taking the normalization of the closure in an integral model of that space. We denote its
special fiber by SK(G,X). Associated with closed points of SK(G,X) we thus still have an
abelian variety, but there is no explicit moduli theoretic interpretation of SK(G,X).
Let h : S → GR be an element of the conjugacy class X of the Shimura datum. Let ψ = ψh
be the cocharacter defined on R-points (for any C-algebra R) by
R× → (R × c∗(R))× = (R⊗R C)
× = S(R)→ G(R).
Here c denotes complex conjugation. Let µ = σ(ψ−1). Note that our use of the letter µ differs
slightly from that of [Ki2], whom we follow for the next construction.
Let k be an algebraically closed field of characteristic p and let OL = W (k). Let x ∈
SK(G,X)(k). Let Ax be the fiber at x of the universal abelian variety A, and let Gx be its
p-divisible group. Let g = dimA. Following [Ki2], 1.4.1 (or [VW], 7.2 for the PEL case) there
is a trivialization of the Dieudonne´ module D(Gx)(OL) of Gx, i.e. an isomorphism
O2gL → D(Gx)(OL).
and such that it maps the Hodge tensors on Ax to certain fixed φ-invariant tensors defining a
subgroup GOL
∼= GZp ⊗Zp W ⊆ GL2g,OL . By fixing one such isomorphism we can write φ = bσ
where σ is the Frobenius on OL and where b ∈ GZp(OL)µ(p)GZp(OL) ⊂ G(L). The element b
is well-defined up to σ-conjugation by elements of GZp(OL). For the Siegel case, this coincides
with the class constructed in the previous paragraph.
For c ∈ G(L) let
[[c]] := {g−1cσ(g) | g ∈ G(OL)}.
Let C(G,µ) = {[[c]] | c ∈ G(OL)µ(p)G(OL)}. Then by the considerations above we have a
natural map
Υ : SK(G,X)(k)→ C(G,µ).
3. The set of Newton points
Before introducing the Newton stratification on the special fiber of a Shimura variety we
discuss in this section the index set for such stratifications. This set of Newton points has an
abstract group-theoretic definition independent of the context of the previous section. Thus for
this section we are in the following, more general setting.
Let F be a local field of residue characteristic p, let OF be its ring of integers, and ǫ a
uniformizer. Let L ⊃ OL be the completion of the maximal unramified extension and its ring
of integers, and let σ denote the Frobenius of L over F .
Let G be a reductive group over OF , and fix a Borel subgroup B and a maximal torus T ,
both defined over F .
2
3.1. σ-conjugacy classes and their Newton points. For b ∈ G(L) let
[b] = {g−1bσ(g) | g ∈ G(L)}
denote its σ-conjugacy class, and let B(G) be the set of σ-conjugacy classes for b ∈ G(L). Kott-
witz [Kot1] has given a classification of B(G) generalizing the Dieudonne´-Manin classification
of isocrystals by Newton polygons. He assigns to an element of B(G) two invariants. One,
the Newton point, is the direct analog of the Newton polygon. It is defined by assigning to
every b ∈ G(L) a homomorphism νb : D→ G. Here D is the pro-algebraic torus with character
group Q. Varying b in [b] leads to conjugate homomorphisms. The G(L)-conjugacy class of
νb is stable under the action of σ. The Newton point associated with [b] is then defined to be
this conjugacy class, an element ν([b]) ∈ (G\X∗(G)Q)Γ. Often, one represents it by its unique
representative in N (G) := (W\X∗(T )Q)Γ whereW is the Weyl group of G. Choosing dominant
representatives we can also identify N (G) with X∗(T )ΓQ,dom. We call N (G) the Newton cone,
and denote the map B(G)→ N (G) by ν.
The second classifying invariant of [b] is the image under the so-called Kottwitz map
κG : B(G)→ π1(G)Γ
(see also Rapoport and Richartz [RR] for the reformulation). Here, π1(G) is Borovoi’s fun-
damental group, defined as the quotient of X∗(T ) by the coroot lattice, and we are taking
coinvariants under the absolute Galois group of F . As G is an unramified reductive group
over F , the map κG has the following explicit description. By the Cartan decomposition every
b ∈ G(L) is in G(OL)µ(ǫ)G(OL) for some µ ∈ X∗(T )dom. Then κG([b]) is the image of µ under
the projection map to π1(G)Γ.
The images of ν([b]) and κG([b]) in π1(G)Γ ⊗Z Q coincide. Thus for groups where π1(G)Γ is
torsion free, the Newton point alone already determines an element of B(G).
Example 3.1. (1) For the group GLn we choose the upper triangular matrices as Borel
subgroup and let T be the diagonal torus. Then we have X∗(T )Q ∼= Qn and ν = (νi)
is dominant if and only if νi ≥ νi+1 for all i. The Newton point ν = (νi) of [b]
coincides with the classical Newton point of the isocrystal (Ln, bσ) for any representative
b ∈ [b]. Let pν be the polygon associated with ν, that is the graph of the continuous,
piecewise linear function [0, n]→ R mapping 0 to 0 and with slope νi on [i− 1, i]. Then
κG([b]) ∈ π1(G)Γ ∼= Z is equal to
∑
νi, i.e. to the second coordinate of the endpoint of
the Newton polygon.
(2) Let us now consider the group PGLn. Here we have X∗(T ) ∼= Zn/Z · (1, . . . , 1). Let
b1 ∈ PGLn(L) with b1(ei) = ei+1 if i < n, and b1(en) = ǫe1. Then (b1σ)n = bn1σ
n =
ǫσn. Hence for every integer l the Newton point of bl1 is constant and thus equal to
(0, . . . , 0) in X∗(T )Q. However, we have π1(G)Γ ∼= Z/nZ and κPGLn(b
l
1) ≡ l (mod n).
Thus [bl1] = [1] if and only if n|l.
Let N (G)Z ⊂ N (G) be the image of ν. It is called the Newton lattice. This set also has an
intrinsic, group-theoretic description, see [C]. For our standard example G = GLn we obtain
that ν ∈ N (GLn)Z if and only if all break points of pν as well as its endpoint have integral
coordinates.
3.2. B(G) as ranked poset. In this section we explain Chai’s theory of the ordering and
lengths of chains in the set of Newton points, [C].
There is a natural partial ordering on the Newton lattice N (G)Z, induced by the partial
ordering on X∗(T )Q,dom and given by ν  ν′ if and only if ν′ − ν is a non-negative rational
linear combination of positive coroots. A characterization not using our choice of B (and thus
showing that it is independent of that choice) is the following. Let ν, ν′ ∈ W\X∗(T )Q and
W · ν,W · ν′ the corresponding orbits in X∗(T )R. Then ν  ν′ if and only if the convex hull of
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W · ν′ contains the convex hull of W · ν. On the set B(G) this induces a partial ordering given
by [b′]  [b] if and only if ν([b′])  ν([b]) and κG([b]) = κG([b′]).
For the group GLn we have (νi) = ν  ν′ = (ν′i) if and only if
∑l
i=1 νi ≤
∑l
i=1 ν
′
i for all l
with equality for l = n. For the associated polygons this means that the polygon for ν′ lies on or
above the polygon of ν and that they have the same endpoints. Figure 1 shows the ordering on
the set of ν ∈ N (GL4)Z with ν  (1, 1, 0, 0). The arrows point from larger to smaller elements.
For better readability we include the relevant points with integral coordinates lying on or below
the polygons. An additional important combinatorial observation then is the following: Each
polygon is the convex hull of the set of integral points lying on or below the polygon, and for
neighboring polygons, these sets differ by one element which is a breakpoint of the larger of the
two polygons. (Compare also Example 3.5 below.)
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Figure 1.
Definition 3.2. For [b] ∈ B(G) let ν = ν([b]) be its Newton point. Let N (G)ν be the image
in N (G) of {[b′] ∈ B(G) | [b′]  [b]}. By [C], Prop. 4.4 this only depends on ν.
For ν ∈ N (G) and ν′ ∈ N (G)ν a chain between ν′ and ν is a sequence ν′ = ν0  · · · 
νn = ν with νi ∈ N (G)ν and νi 6= νi+1 for all i. We call n the length of the chain. A chain
between ν′ and ν is called maximal if it is not a proper subsequence of another chain between
ν′ and ν.
Before we can compute the lengths of maximal chains we need some more notation
Definition 3.3. Let l be the number of Galois orbits of absolute fundamental weights of G.
For j = 1, . . . , l let ωj be the sum of all elements of the corresponding orbit.
For b ∈ G(L) the defect of b is defined as rk G− rkFJb. Here Jb is the reductive group over
F with Jb(A) = {g ∈ G(A⊗F L) | gb = bσ(g)} for every F -algebra A.
Theorem 3.4 (Chai, Kottwitz). Let ν ∈ N (G)Z.
(1) The length of chains between two given elements ν′, ν′′ with ν′  ν′′ ∈ N (G)ν is
bounded above, in particular there are maximal chains between ν′ and ν′′.
(2) The set N (G)ν is ranked, i.e. for any ν′  ν′′ in N (G)ν every maximal chain between
ν′ and ν′′ has the same length, which is independent of ν and denoted by length([ν′, ν′′]).
We have
length([ν′, ν′′]) =
l∑
j=1
⌊〈ν′′, ωj〉⌋ − ⌊〈ν
′, ωj〉⌋.
Here ⌊x⌋ denotes the greatest integer less or equal to x.
(3) If in the above context ν′′ ∈ X∗(T ), then
length([ν′, ν′′]) = 〈ρ, ν′′ − ν′〉+
1
2
defG(b
′)
where [b′] ∈ B(G) with νG([b
′]) = ν′.
(4) N (G)ν is a finite set. Every non-empty subset of N (G)ν has a unique supremum
and a unique infimum in N (G)ν .
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References for the proof. (1) and (4) are due to Chai, [C] Thm. 7.4. The formula in (2) is
shown essentially by the same proof as given for [C], Theorem 7.4. It corrects the formula in
loc. cit. in two respects: One needs to use sums over Galois orbits of absolute fundamental
weights, as was pointed out to us by P. Hamacher (compare [Ha2], Prop. 3.11). Furthermore,
the combinatorics of counting chain lengths gives the above formula instead of the one of [C],
Theorem 7.4. The proof and formula given by Chai are correct for the case ν ∈ X∗(T )dom
and then imply our formula for general ν. (3) is due to Kottwitz [Kot4], and Hamacher [Ha2],
3.3. 
Example 3.5. For the group GLn there is the following explicit reformulation of the length
formula: In this case l = n, the ωj are the fundamental weights (1, . . . , 1, 0, . . . , 0) with multi-
plicities j, n − j. Thus 〈ν, ωj〉 is the value of the Newton polygon at the point j. Assume for
the moment that the polygon lies above the first coordinate axis, then ⌊〈ν, ωj〉⌋ is the number
of points of the form (j, l) with 0 ≤ l ∈ Z lying on or below pν . Altogether (and without
the additional assumption) we obtain that the length of each maximal chain of Newton points
between ν′ and ν′′ (with ν′  ν′′) is equal to the number of points with integral coordinates
lying on or below ν′′ and strictly above ν′.
3.3. The Newton stratification. We now consider stratifications induced by this invariant,
or rather by the pair of invariants (ν, κG).
Recall the Cartan decomposition G(L) =
⋃
µ∈X∗(T )dom
G(OL)µ(ǫ)G(OL).
Definition 3.6. For µ ∈ X∗(T )dom let B(G,µ) denote the set of [b] ∈ B(G) with [b]  [µ(ǫ)].
Theorem 3.7 (Katz, Kottwitz). Let b ∈ G(L) and let µ ∈ X∗(T )dom with b ∈ G(OL)µ(ǫ)G(OL).
Then [b] ∈ B(G,µ).
Remark 3.8. Therefore for every µ we obtain a natural map C(G,µ)→ B(G,µ) with [[b]] 7→ [b].
Note thatB(G,µ) is not defined as the set of σ-conjugacy classes of elements ofG(OL)µ(ǫ)G(OL).
Therefore it is a priori not clear if this map is surjective, this only follows from Theorem 3.9
below.
The theorem applies in particular to the case where b ∈ G(L) is a representative of Υ(x) ∈
C(G,µ) for some point x in the reduction of a Shimura variety of Hodge type, and µ is the
cocharacter associated with the Shimura variety.
The theorem has originally been proved by Katz [Ka] for F -isocrystals (i.e. the case of
G = GLn) who refers to it as Mazur’s inequality. The group theoretic generalization is due to
Kottwitz [Kot3]. In both references this is only stated for F = Qp, but the same proof also
shows the analog for function fields.
We have the following converse.
Theorem 3.9 (Kottwitz-Rapoport [KR], Lucarelli [Lu], Gashi [Ga]). Let µ ∈ X∗(T )dom and
let [b] ∈ B(G,µ). Then there is an x ∈ G(OL)µ(ǫ)G(OL) with [x] = [b].
We now discuss a first important geometric property of Newton strata.
Theorem 3.10 (Grothendieck, Rapoport-Richartz). Let S be a scheme of characteristic p. Let
X be an F -isocrystal with G-structure over S. Let [b] ∈ B(G). Then
S[b](k) = {s ∈ S(k) | [Xs]  [b]}
defines a closed subscheme S[b] of S, the closed Newton stratum associated with [b]. The
Newton stratum associated with [b] is the open subscheme of S[b] defined by
S[b](k) = {s ∈ S(k) | [Xs] = [b]}.
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Remark 3.11. (1) Here an F -isocrystal with G-structure is an exact faithful tensor functor
(RepQpG)→ (F − Isoc), compare [RR], Def. 3.3. In particular this theorem applies to
the reduction modulo p of Shimura varieties of Hodge type.
(2) This theorem is known as Grothendieck’s specialization theorem. Grothendieck’s orig-
inal proof [Gr] is for isocrystals (or p-divisible groups) without additional structure.
The group theoretic generalization is due to Rapoport and Richartz, [RR].
(3) Assume that the map κG has the constant value κG([b]) in all closed points of S. This
is for example the case if S is connected. Then for ν = ν([b]) we also write Nν instead
of S[b] (and similarly for S[b]).
(4) There is the following analog in the function field case. Let LG be the loop group
of G, i.e. the ind-scheme over Fq = OF /ǫOF representing the functor assigning to an
Fq-algebra R the set G(R[[ǫ]][
1
ǫ
]). Let X ∈ LG(S) for S as in the theorem. Then the
same statement as in Theorem 3.10 holds for the induced decomposition of S. This
analog follows from essentially the same proof as Theorem 3.10, compare also [HV1],
Theorem 7.3.
Definition 3.12. Let SK(G,X) be a Hodge type Shimura variety and let µ be the associated
cocharacter. Then the µ-ordinary Newton stratum is the one associated with the unique max-
imal element [µ(p)] of B(G,µ) (compare Theorem 3.4 (4)). It is open in SK(G,X). The basic
Newton stratum is the one associated with the unique minimal element of B(G,µ). It is closed
in SK(G,X).
In the following sections we explain converses of the two preceding theorems.
4. Non-emptiness of strata
By Theorem 3.7 the set of Newton strata in a Shimura variety of Hodge type with hyper-
special level structure is indexed by the set B(G,µ) where G and µ are the group and coweight
determined by the Shimura datum. However, it is a priori not clear if for each [b] ∈ B(G,µ)
the corresponding stratum N[b] ⊆ SK(G,X) is indeed non-empty. To show such a statement,
the task is to construct an abelian variety with additional structure whose rational Dieudonne´
module (with additional structure) is a given one.
The first result in this direction valid for a large class of Shimura varieties is the following
theorem.
Theorem 4.1 (Viehmann-Wedhorn [VW], Thm. 1.6). Let G,µ be associated with a Shimura
datum of PEL type. Let [b] ∈ B(G,µ). Then the Newton stratum associated with [b] in the
special fiber of the associated Shimura variety is non-empty.
Remark 4.2. This proves a conjecture of Rapoport, [Ra], Conj. 7.1. Note that non-emptiness
of Newton strata does not follow directly from Theorem 3.9, as we do not know if the map
Υ : SK(G,X)(k)→ C(G,µ) is surjective. Also, it cannot be directly deduced from Kottwitz’s
[Kot2] resp. Kisin’s [Ki2] computation of the ζ-function of the Shimura variety. It is a priori
not clear from that formula that the contribution of a given Newton stratum is non-zero.
There are several special cases where non-emptiness of Newton strata has been shown already
some time ago.
In [We], Wedhorn shows that for PEL type Shimura varieties (as usual assumed to have good
reduction) the µ-ordinary Newton stratum is dense in the Shimura variety and in particular
non-empty. Using Kottwitz’s description of the points in the good reduction of Shimura varieties
of PEL type one can show that the basic Newton stratum is also non-empty (see Fargues [Far],
3.1.8 or Kottwitz [Kot2], 18).
Using a different language, the non-emptiness question has also been adressed by Vasiu in
[Va2].
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Strategy of proof of Theorem 4.1. In addition to the Newton stratification we consider the Ekedahl-
Oort stratification. The Ekedahl-Oort invariant associates with an abelian variety with PEL
structure its p-torsion (with induced additional structure). Group-theoretically, and on geo-
metric points in the special fiber of the Shimura variety, this means the following: Let x ∈
SK(G,X)(k) for some algebraically closed field k. Let [[gx]] = Υ(x) ∈ C(G,µ). Let G1 =
{g ∈ G(OL) | g ≡ 1 in G(k)}. Then the Ekedahl-Oort invariant corresponds to considering the
G1-double coset of [[gx]] (see [Vi3]). Note that this is well-defined as G1 is a normal subgroup
of G(OL). The set of possible values of this invariant is finite, and in bijection with a certain
subset µW of the Weyl group of G. The Ekedahl-Oort invariant induces a stratification of the
Shimura variety.
The above definition of the Ekedahl-Oort invariant has a strong focus on the group theoretic
background. There are alternative definitions, for example using G-zips [MW] that rather use
the p-divisible groups directly.
The first main ingredient in the proof of Theorem 4.1 is to show that for every element
[b] ∈ B(G,µ) there is an element of µW such that the corresponding Ekedahl-Oort stratum is
contained in the Newton stratum of [b]. Strictly speaking, in [VW] we showed a slightly weaker
statement by modifying the Shimura datum. However, in the meantime, Nie [N] has shown
that also the stronger statement above holds, which leads to a simplification of the proof. It is
therefore enough to show that all Ekedahl-Oort strata are non-empty.
The second main ingredient is to use flatness of the morphism from SK(G,X) to the stack
of Ekedahl-Oort invariants (or equivalently: G-zips) to show that all Ekedahl-Oort strata are
non-empty if and only if the same holds for the one corresponding to the unique closed point in
this stack. This ‘minimal’ Ekedahl-Oort stratum is known to be contained in the basic Newton
stratum of the Shimura variety.
Finally, one uses that non-emptiness of the basic Newton stratum implies that also the
minimal Ekedahl-Oort stratum is non-empty to complete the proof. 
Let A be an abelian variety over an algebraically closed field of characteristic p, let A[p∞]
be its p-divisible group, and X a p-divisible group isogenous to A[p∞]. Dividing by the kernel
of such an isogeny one can directly construct an abelian variety B isogenous to A and with
B[p∞] = X . A version of this argument including the PEL structure (see [VW], 11) leads to
the following integral version of Theorem 4.1.
Theorem 4.3 ([VW], Theorem 1.6(2)). Let D be a PEL Shimura-datum and let SK(G,X) be
the corresponding Shimura variety. Then for every p-divisible group G with D-structure over
an algebraically closed field k in characteristic p there is a k-valued point of SK(G,X) whose
attached p-divisible group with D-structure is isomorphic to G. In group-theoretic terms: The
map SK(G,X)(k)→ C(G,µ) is surjective.
Remark 4.4. Since the proof of the above Theorem 4.1, the question has attracted significant
attention. Several people have generalized Theorem 4.1 further to other classes of Shimura
varieties of Hodge type, and/or have given other strategies to prove non-emptiness of Newton
strata.
(1) Scholze and Shin [SS], Corollary 8.4 give a different proof of Theorem 4.1 for certain
compact unitary group Shimura varieties. They use the description of points on the
Shimura variety by Kottwitz triples and stabilization of the trace formula to show
non-emptiness in this case.
(2) Kret [Kr] uses Kisin’s formula for the number of mod p points of Shimura varieties
of Hodge type (see [Ki2]), together with stabilization of the twisted trace formula. In
this way he shows non-emptiness of Newton strata for Shimura varieties of Hodge type
where the associated group is of type (A), and under assumption of the stabilization of
the trace formula also for types (B) and (C).
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(3) Koskivirta [Kos] uses generalized Hasse invariants to show that if SK(G,X) is a Shimura
variety of Hodge type that is projective, then all Ekedahl-Oort strata are non-empty.
Using a result of Nie [N] he can then in the same way as in the original proof of Theorem
4.1 deduce that also all Newton strata are non-empty.
(4) Lee gives two proofs of the generalization of Theorem 4.1 to Shimura varieties of Hodge
type, see [Le]. In his first proof he constructs a point in the given Newton stratum by
realizing it as the image of a point of a special sub-Shimura variety. For the second
proof he uses that by work of Kisin [Ki2], the points mod p of a Shimura variety of
Hodge type are in bijection with Kottwitz triples. The Newton point can be read off
easily from one of the components of the Kottwitz triple. Lee’s approach is then to
show directly that for each σ-conjugacy class a suitable Kottwitz triple exists.
(5) C.-F. Yu [Yu2] announced a proof of non-emptiness of the basic locus of Shimura vari-
eties having what he calls an enhanced integral model. This kind of integral model is
defined by an abstract set of axioms, for example satisfied by the integral models for
Shimura varieties of Hodge type. He then also uses the strategy of constructing points
via special sub-Shimura varieties, using a Lemma shown by Langlands and Rapoport.
(6) Kisin [Ki3] has announced a proof (in joint work with Madapusi Pera and Shin) for
all Shimura varieties of Hodge type, also using special sub-Shimura varieties, and the
Langlands-Rapoport lemma. He even only needs to assume that G is quasi-split instead
of unramified.
5. Closure relations and dimensions
5.1. The Grothendieck conjecture on closures of Newton strata. In 1970 ([Gr], letter to
Barsotti, p. 150), Grothendieck conjectured the following converse to his specialization theorem
(compare Theorem 3.10).
Conjecture 5.1. Let X0 be a p-divisible group over a field k of characteristic p, and let ν
be its Newton polygon. Let ν′ ∈ N (G)Z with ν  ν
′  µ. Here µ = (1, . . . , 1, 0, . . . , 0) with
multiplicities the codimension and dimension of X0 is the Hodge polygon of X0. Then there is
a p-divisible group X over Spec (k[[t]]) with special fiber X0 and such that the generic fiber has
Newton polygon ν′.
This conjecture has been shown by Oort in 2002, see Remark 5.3(1) below.
Using the bijection between deformations of an abelian variety in characteristic p and defor-
mations of its p-divisible group, (as well as liftability properties in the spirit of Theorem 4.3)
one can translate this into a statement on the closures of Newton strata in a suitable Shimura
variety. The natural generalization to Shimura varieties of PEL type is the following theorem.
Theorem 5.2 (Hamacher). Let SK(G,X) be a Shimura variety of PEL type with good reduction
at p. Let [b] ∈ B(G,µ) where µ is the cocharacter associated with the Shimura datum, and let
ν = ν([b]). Then
Nν =
⋃
ν′ν
Nν′ .
Remark 5.3. Before Hamacher’s proof, a number of partial results were already known.
(1) Grothendieck’s original conjecture corresponds to the case that GQp
∼= GLh. This has
been shown by Oort [O1]. There, Oort also proved Theorem 5.2 for the Siegel modular
variety (i.e. for G = GSp2n), or equivalently for deformations of principally polarized
p-divisible groups.
(2) Wedhorn used explicit deformations to prove in [We] that the µ-ordinary Newton stra-
tum (i.e. the one corresponding to the unique maximal element of B(G,µ) with respect
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to ) of a Shimura variety of PEL type with good reduction is dense. This was gen-
eralized to Shimura varieties of Hodge type by Wortmann [Wo], using Ekedahl-Oort
strata.
(3) The general statement of Theorem 5.2 (together with weaker forms) was asked for by
Rapoport in [Ra], Questions 7.3.
(4) In a small number of other special cases, this statement was known due to explicit
calculations, for example for the Shimura variety studied by Harris and Taylor in their
proof of the local Langlands correspondence for GLn.
Remark 5.4. Parts of Oort’s proof of the original Grothendieck conjecture have also been
generalized, however, in general this has not led to a proof of Theorem 5.2. Let us recall briefly
the two main steps in Oort’s approach. The first step is to show that one can deform a given
p-divisible group to a p-divisible group with the same Newton point, but a-invariant ≤ 1. Here,
the a-invariant of a p-divisible group X over a field k is defined as dimkHom(αp,X). The main
difficulty is here to consider the case where the isocrystal of the p-divisible group is simple
(and then to use induction on the number of simple summands for the general case). Main
ingredients in this step of the proof (in joint work of de Jong and Oort, [JO]) are de Jong
and Oort’s purity theorem for the Newton stratification (a weak form of Theorem 5.10 below),
and combinatorial arguments on some stratification of the Rapoport-Zink moduli space of p-
divisible groups isogenous to X. A key intermediate result is that the Rapoport-Zink moduli
space is equi-dimensional, and to compute its dimension.
In a second step Oort uses a Cayley-Hamilton type argument to explicitly compute the
Newton polygon of deformations of p-divisible groups of a-invariant 1 to conclude. This second
part of the argument has been generalized by Yu [Yu1].
However, it seems to be hard to extend this to a proof of the whole statement, simply because
there is (for this particular purpose at least) no good analogue of the a-invariant on moduli
spaces of p-divisible groups with additional structure. For general Newton strata on Shimura
varieties of PEL type the locus where the a-invariant is at most 1 is in general no longer dense,
it can even be empty.
5.2. An analog for function fields. The proof of Theorem 5.2 is modelled along the lines of
an analogous statement for the function field case, i.e. for Newton strata in loop groups [Vi2].
To formulate this statement let G be a split connected reductive group over Fq, and let
B ⊇ T be a Borel subgroup and a split maximal torus of G. We denote by LG the loop group
of G, i.e. the ind-scheme over Fq representing the sheaf of groups for the fpqc-topology whose
sections for an Fq-algebra R are given by LG(R) = G(R((z))), see [Fal], Definition 1. Let LG
+
be the sub-group scheme of LG with LG+(R) = G(R[[z]]).
Let S be a scheme and Y ∈ LG(S). Recall from Remark 3.11(3) that for [b] ∈ B(G) the
locus N[b] ⊆ S where Y is in [b] defines a locally closed reduced subscheme of S.
On the set of dominant coweights X∗(T )dom we consider the partial ordering induced by the
Bruhat order, i.e. µ  µ′ if and only if µ′ − µ is a non-negative integral linear combination of
positive coroots. Note that this is slightly finer than the ordering induced by  on X∗(T )Q,dom,
as we do not allow rational linear combinations.
Theorem 5.5. Let µ1  µ2 ∈ X∗(T ) be dominant coweights. Let
Sµ1,µ2 =
⋃
µ1µ′µ2
LG+µ′(z)LG+.
Let [b] ∈ B(G,µ2). Then the Newton stratum N[b] = [b] ∩ Sµ1,µ2 is non-empty and pure of
codimension
length([ν([b]), µ2]) = 〈ρ, µ2 − ν([b])〉+
1
2
def(b)
in Sµ1,µ2 . The closure of N[b] in Sµ1,µ2 is the union of all N[b′] for [b
′]  [b].
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Here the defect def(b) is as in Definition 3.3 defined as rk G− rkFq((z))Jb.
Note that one still needs to define the notions of codimension and of the closure of the
infinite-dimensional schemes Nb. Both of these definitions use that there is an open subgroup
H of LG+ such that the Newton point of an element of Sµ1,µ2 only depends on its image in the
finite-dimensional scheme Sµ1,µ2/H , compare [Vi2], 4.3.
Remark 5.6. Theorem 5.5 is not precisely the analog of Theorem 5.2:
(1) In this context we can consider the Newton stratification on arbitrary (unions of) double
cosets. The double coset is the replacement of the Hodge polygon in the Shimura variety
context. There, one is limited to the case of minuscule µ.
(2) For the closure relations we could also consider the Newton stratification on the whole
loop group, but this yields a much weaker statement: There it is very easy to see that
the closure of a stratum is a union of strata (just because the σ-conjugation action of
G(L) is transitive on each Newton stratum), and it consists of the conjectured strata
because of [VW], Cor. 1.9. There is no good analogue for the whole loop group of the
statement about codimensions.
(3) Theorem 5.5 is only proven for split reductive groups. The reason is that at the time,
the dimension formula and theory of local G-shtukas that is used in the proof was not
yet developed in greater generality. We expect that essentially the same proof shows the
theorem for all unramified groups. (Which is also justified by the fact that the analog
for Shimura varieties in Theorem 5.2 is shown in that generality.) On the other hand,
the assumption that Kp is a hyperspecial maximal compact subgroup cannot easily be
removed.
(4) The direct analog of Theorem 5.2 in the function field context would be a statement
about moduli spaces of shtukas with additional structure. The present statement is
rather the generalized analog of Grothendieck’s conjecture in the sense that it considers
deformations of the local data. In the same way as for abelian varieties and p-divisible
groups it should be possible to use the correspondence between deformations of global
shtukas and the corresponding local shtukas to translate Theorem 5.5 into a statement
about moduli spaces of global shtukas with additional structure.
5.3. Outline of the proof and dimensions of Newton strata. We will spend the rest of
this section to outline some of the joint main ingredients of the proofs of Theorems 5.2 and
5.5. For simplicity we formulate statements only in the context of Shimura varieties. For the
corresponding statements in the function field context compare [Vi2]. The strategy of proof
differs from Oort’s proof of the Grothendieck conjecture in the sense that it avoids the use of
the a-invariant. Instead we use a stronger version of the purity theorem to derive the closure
relations directly from the computation of dimensions of suitable moduli spaces.
The proof of Theorem 5.2 at the same time proves a formula for the dimensions of New-
ton strata which is interesting in its own right. It is the counterpart of the statement about
codimensions in Theorem 5.5.
Theorem 5.7 (Hamacher). Let SK(G,X) be a Shimura variety of PEL type, and let [b] ∈
B(G,µ) be in the associated set of σ-conjugacy classes. Then the Newton stratum N[b] in
SK(G,X) is equidimensional of dimension
〈ρ, µ+ ν([b])〉 −
1
2
def(b).
The translation between statements about (co)dimensions and statements about closure
relations is done using purity properties. The following definition and Lemma 5.12 are an
abstract version of the key idea behind the proofs of 5.5, 5.2 and 5.7.
Definition 5.8. Let G be a reductive group over Fq, B a Borel subgroup, T ⊂ B a maximal
torus, and let µ ∈ X∗(T )dom be given. Let S be a scheme, and for every [b] ∈ B(G,µ) let S[b]
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be a locally closed subscheme such that S is the disjoint union of the S[b] and for every [b], the
subscheme
⋃
[b′][b] S[b′] is closed. Then we say that this decomposition of S satisfies strong
purity if the following condition holds. Let [b] ∈ B(G,µ) such that S[b] 6= ∅. Let [b
′]  [b] such
that length([ν[b′], ν([b])]) = 1. Let I be the closure in S of an irreducible component of S[b].
Let I [b
′] be the complement in I of I ∩
⋃
[b′′][b′] S[b′′]. Then for every such I and [b
′] we have
that I [b
′] is an affine I-scheme.
The decomposition satisfies weak purity if for every I as above, I∩N[b] is an affine I-scheme.
Example 5.9. For the group GLn we have the following explicit description: Let ν, ν
′ be the
Newton points of [b] and [b′] with [b], [b′] as in the definition above. Then the integral points
lying on or below pν are the same as those for pν′ except for one breakpoint y of ν which does
no longer lie on ν′. The subscheme I [b
′] is now the union of all Newton strata of I where the
Newton polygon (which automatically lies below ν) contains the given point y.
Theorem 5.10. The Newton stratification on the reduction modulo p of PEL Shimura varieties
satisfies strong purity.
Remark 5.11. The first version of a theorem along these lines was shown by de Jong and
Oort [JO], who showed that the Newton stratification for p-divisible groups without additional
structure satisfies a weaker version of weak purity where instead of affineness we require that
the complement of I ∩ N[b] in I is either empty or pure of codimension 1. Vasiu [Va1] showed
that this same stratification also satisfies weak purity as defined above. Finally, Hartl and the
author proved a group-theoretic version of weak purity in the function field case (i.e. for moduli
of locl G-shtukas), see [HV1].
Only several years later, Yang [Ya] introduced the concept of strong purity (under a different
name) and observed that de Jong and Oort’s statement can be generalized to prove (the same
weakened version of) strong purity for the Newton stratification on families of p-divisible groups.
After this idea, the same generalizations as for weak purity were made, in the function field
case in [Vi2], for Shimura varieties of PEL type in [Ha2].
Lemma 5.12. Let S be an irreducible scheme and let S =
⋃
[b]∈B(G,µ) S[b] be a decomposition
satisfying strong purity. Let [bη] ∈ B(G,µ) be the generic σ-conjugacy class. Let [b0] ∈ B(G,µ)
be such that S[b0] is non-empty and that the codimension of every irreducible component of S[b0]
in S is at least length([ν([b0]), ν([bη])]). Then for every [b
′] ∈ B(G,µ) with ν([b0])  ν([b′]) 
ν([bη]) we have
(1) S[b0] ⊂ S[b′].
(2) In particular, S[b′] 6= ∅.
(3) Every irreducible component I of S[b0] is of codimension length([ν([b0]), ν([bη])]) in S.
Proof. The proof is based on the fact that if I [b
′] is an affine I-scheme, then its complement
in I is either empty or pure of codimension 1. Using that, the lemma is shown in the same
combinatorial way as the more explicit statements for Newton strata in loop groups [Vi2] or
Shimura varieties [Ha2], Prop. 5.13. 
In view of Lemma 5.12, Theorem 5.10 implies that in order to prove Theorems 5.2 and 5.7
it is enough to show that for every element in B(G,µ), the codimension of each irreducible
component of the corresponding Newton stratum is at least length([ν([b]), µ]).
From the almost product structure on Newton strata (see [O2] for the case of G = GLn or
GSp2n, [Ma1], 4 for the general case, or [Ha2], Prop. 6.4) we obtain for every Newton stratum
Nν in SK(G,X) with ν = ν([b]) associated with a p-divisible group with additional structure
X that
dim Nν = dim Xµ(b) + dim CX.
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Here, CX is the central leaf associated with X. The first summand is the dimension of the
Rapoport-Zink space associated with X or equivalently of the affine Deligne-Lusztig variety
Xµ(b). Note that central leaves and the above decomposition are essentially a special case of
the foliation structure on Newton strata using Igusa varieties explained in [Ma2], 5.
For the two summands we have
Theorem 5.13 ([GHKR],[Vi1],[Ha1], Thm. 1.1). Let [b] ∈ B(G,µ). Then
dim Xµ(b) = 〈ρ, µ− ν〉 −
1
2
def(b).
Another proof of this result for unramified groups G in the arithmetic context has recently
been given by Zhu [Z],3.
Theorem 5.14 ([O3], [Ha2], Cor. 7.8). Let [b] ∈ B(G,µ) be the class corresponding to X.
Then
dim CX = 〈2ρ, ν([b])〉.
Altogether we obtain
dim Nν = dim Xµ(b) + dim CX
= 〈ρ, µ+ ν〉 −
1
2
def(b)
= dim SK(G,X)− 〈ρ, µ− ν〉 −
1
2
def(b)
= dim SK(G,X)− length([ν, µ]).
Thus the codimension of every irreducible component ofNν is at least length([ν, µ]), and Lemma
5.12 finishes the proof of Theorems 5.2 and 5.7.
Acknowledgments. I thank P. Hamacher for helpful discussions. The author was partially
supported by ERC starting grant 277889 “Moduli spaces of local G-shtukas”.
References
[C] C.-L. Chai, Newton polygons as lattice points, Amer. J. Math. 122 (2000), 967–990.
[Fal] G. Faltings, Algebraic loop groups and moduli spaces of bundles, J. Eur. Math. Soc. 5 (2003), 41–68.
[Far] L. Fargues, Cohomologie des espaces de modules de groupes p-divisibles et correspondances de Lang-
lands locales, in: Varie´te´s de Shimura, espaces de Rapoport-Zink et correspondances de Langlands
locales, Aste´risque 291 (2004), 1–199.
[Ga] Q. Gashi, On a conjecture of Kottwitz and Rapoport, Ann. Sci. E´cole Norm. Sup. 43 (2010), 1017–
1038.
[GHKR] U. Go¨rtz, Th. Haines, R. Kottwitz, D. Reuman, Dimensions of some affine Deligne-Lusztig varieties,
Ann. Sci. E´cole Norm. Sup. 39 (2006), 467–511.
[GHKR2] U. Go¨rtz, Th. Haines, R. Kottwitz, D. Reuman, Affine Deligne-Lusztig varieties in affine flag vari-
eties, Compositio Math. 146 (2010), 1339–1382.
[Gr] A. Grothendieck, Groupes de Barsotti-Tate et cristaux de Dieudonne´, Se´minaire de Mathe´matiques
Supe´rieures, No. 45 (Ete´, 1970). Les Presses de l’Universite´ de Montre´al, 1974.
[Ha1] P. Hamacher, The dimension of affine Deligne-Lusztig varieties in the affine Grassmannian of un-
ramified groups, preprint, 2013, arXiv:1312.0486.
[Ha2] P. Hamacher, The geometry of Newton strata in the reduction modulo p of Shimura varieties of PEL
type, preprint, arXiv:1312.0490, to appear in the Duke Math. Journal.
[HT] M. Harris, R. Taylor, The geometry and cohomology of some simple Shimura varieties. With an
appendix by Vladimir G. Berkovich. Annals of Mathematics Studies, 151. Princeton University Press,
Princeton, NJ, 2001. viii+276 pp.
[HV1] U. Hartl, E. Viehmann, The Newton stratification on deformations of local G-shtukas, preprint, 2008,
arXiv:0810.0821, to appear in J. reine angew. Math. (Crelle).
[HV2] U. Hartl, E. Viehmann, Foliations in deformation spaces of local G-shtukas, preprint, 2010,
arXiv:1002.2387.
12
[JO] A. J. de Jong, F. Oort, Purity of the stratification by Newton polygons, J. Amer. Math. Soc. 13
(2000), 209–241.
[Ka] N. M. Katz, Slope filtration of F -crystals, Aste´risque 63 (1979), 113–164.
[Ki1] M. Kisin, Integral models for Shimura varieties of abelian type, J.A.M.S. 23 (2010), 967–1012.
[Ki2] M. Kisin, Mod p points on Shimura varieties of abelian type, preprint 2013.
[Ki3] M. Kisin, Honda-Tate theory for Shimura varieties, Oberwolfach reports (2015).
[Kos] J.-S. Koskivirta, Sections of the Hodge bundle over Ekedahl-Oort strata of Shimura varieties of Hodge
type, preprint, 2014, arXiv:1410.1317.
[Kot1] R. E. Kottwitz, Isocrystals with additional structure, Compositio Math. 56 (1985), 201–220.
[Kot2] R. E. Kottwitz, Points on some Shimura varieties over finite fields, J. Amer. Math. Soc. 5 (1992),
373–444.
[Kot3] R. E. Kottwitz, On the Hodge-Newton decomposition for split groups, IMRN 26 (2003), 1433–1447.
[Kot4] R. E. Kottwitz, Dimensions of Newton strata in the adjoint quotient of reductive groups, Pure Appl.
Math. Q. 2 (2006), 817–836.
[KR] R. E. Kottwitz, M. Rapoport, On the existence of F -crystals, Comment. Math. Helv. 78 (2003),
153–184.
[Kr] A. Kret, The trace formula and the existence of PEL type Abelian varieties modulo p, preprint, 2012,
arXiv:1209.0264
[Le] D. U. Lee, Non-emptiness of Newton strata of Shimura varieties of Hodge
type, preprint, 2014, http://cgp.ibs.re.kr/files/preprints/CGP14010 DL Non-
emptiness%20of%20Newton%20strata%20of%20 Shimura%20varieties%20of%20Hodge%20type.pdf
[Lu] C. Lucarelli, A converse to Mazur’s inequality for split classical groups, J. Inst. Math. Jussieu 3
(2004), 165–183.
[Ma1] E. Mantovan, On certain unitary group Shimura varieties. In: Varie´te´s de Shimura, espaces de
Rapoport-Zink et correspondances de Langlands locales, Aste´risque 291 (2004), 201–331.
[Ma2] E. Mantovan, The Newton stratification, this volume.
[MW] B. Moonen, T. Wedhorn, Discrete invariants of varieties in positive characteristic, Int. Math. Res.
Notices 2004, 3855–3903.
[N] S. Nie, Fundamental elements of an affine Weyl group, Math. Ann. 362 (2015), 485–499.
[O1] F. Oort, Newton polygon strata in the moduli space of abelian varieties, in: Moduli of abelian varieties
(Texel Island, 1999), 417–440, Progr. Math., 195, Birkha¨user, Basel, 2001.
[O2] F. Oort, Foliations in moduli spaces of abelian varieties, J. Amer. Math. Soc. 17 (2004), 267–296.
[O3] F. Oort, Foliations in moduli spaces of abelian varieties and dimension of leaves, in: Algebra, arith-
metic, and geometry: in honor of Yu. I. Manin. Vol. II, 465–501, Progr. Math., 270, Birkha¨user
Boston, Inc., Boston, MA, 2009.
[Ra] M. Rapoport, A guide to the reduction modulo p of Shimura varieties, Aste´risque 298 (2005), 271–
318.
[RR] M. Rapoport, M. Richartz, On the classification and specialization of F -isocrystals with additional
structure, Compositio Math. 103 (1996), 153–181.
[RZ] M. Rapoport, Th. Zink, Period spaces for p-divisible groups, Princeton Univ. Press, 1996.
[SS] P. Scholze, S. W. Shin, On the cohomology of compact unitary group Shimura varieties at ramified
split places, J. Amer. Math. Soc. 26 (2013), 261–294.
[Va1] A. Vasiu, Crystalline boundedness principle, Ann. Sci. E´cole Norm. Sup. 39 (2006), 245–300.
[Va2] A. Vasiu, Manin problems for Shimura varieties of Hodge type, J. Ramanujan Math. Soc. 26 (2011),
31–84.
[Vi1] E. Viehmann, The dimension of some affine Deligne-Lusztig varieties, Ann. Sci. E´cole Norm. Sup.
39 (2006), 513–526.
[Vi2] E. Viehmann, Newton strata in the loop group of a reductive group, American Journal of Mathematics
135 (2013), 499–518.
[Vi3] E. Viehmann, Truncations of level 1 of elements in the loop group of a reductive group, Annals of
Math. 179 (2014), 1009–1040.
[VW] E. Viehmann, T. Wedhorn, Ekedahl-Oort and Newton strata for Shimura varieties of PEL type,
Math. Ann. 356 (2013), 1493–1550.
[We] T. Wedhorn, Ordinariness in good reductions of Shimura varieties of PEL-type, Ann. scient. E´c.
Norm. Sup., 32, (1999), 575–618.
[Wo] D. Wortmann, The µ-ordinary locus for Shimura varieties of Hodge type, preprint, 2013,
arXiv:1310.6444.
[Ya] Y. Yang, An improvement of de Jong–Oort’s purity theorem, Mu¨nster J. Math. 4 (2011), 129–140.
[Yu1] C.-F. Yu, On the slope stratification of certain Shimura varieties, Math. Z. 251 (2005), 859 –873.
[Yu2] C.-F. Yu, Non-emptiness of the basic locus of Shimura varieties, Oberwolfach reports (2015).
13
[Z] X. Zhu, Affine Grassmannians and the geometric Satake in mixed characteristic, preprint, 2014,
arXiv:1407.8519.
Technische Universita¨t Mu¨nchen, Fakulta¨t fu¨r Mathematik - M11, Boltzmannstr. 3, 85748 Garch-
ing bei Mu¨nchen, Germany
E-mail address: viehmann@ma.tum.de
14
